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Abstract. There is a class of Laplacian like conformally invariant differential 
operators on differential forms L £ k which may be considered the generalisation 
to differential forms of the conformally invariant powers of the Laplacian known 
as the Paneitz and GJMS operators. On conformally Einstein manifolds we 
give explicit formulae for these as explicit factored polynomials in second order 
differential operators. In the case the manifold is not Ricci flat we use this to 
provide a direct sum decomposition of the null space of the L e k in terms of the 
null spaces of mutually commuting second order factors. 



1. Introduction 

On Riemannian and pseudo-Riemannian manifolds a natural differential opera- 
tor is said to be conformally invariant if it descends to a well-defined differential 
operator on conformal manifolds, that is manifolds equipped only with an equiv- 
alence class c of metrics, where g,g' e c means that g' = fg for some positive 
function /. This special class of operators have long held a central place in math- 
ematics and physics. For example they govern the behaviour of massless particles, 
and have desirable properties on conformally compact manifolds, as for example 
used in general relativity [Tf| |4"2] . They play a role in curvature prescription, in 
extremal problems for metrics both in Riemannian geometry as well as in string 
and brane theories HUJ d21 EH IS]- Via the Fefferman bundle and metric, con- 
formal structure and the corresponding differential operators are also important 
in complex and CR geometry [2T| [25] . 

A rich programme surrounds the conformally invariant differential operators P2k 
with leading term a power of the Laplacian A k , see e.g. (5J EJ [201 E3 [37J [39] and 
references therein. This family of operators on scalar functions (or more accurately 
conformal densities) consists of the second order conformal Laplacian |46j . (also 
called the Yamabe operator), the 4th order Paneitz operator |33], and higher order 
GJMS operators of [54] . 

Many of the important features of the GJMS family are shared by a larger 
family of operators L h introduced in [5|. (Related operators of order 2, 4 and 6 
were constructed in [3]. See also |16] a the role of the order 2 operator in Physics.) 
Each of these act on density- valued differential forms S k [w] (for the notation see 
Section [2]) and, up to a non-zero constant multiple, takes the form 

(n - 2k + 2t)(8d) 1 + (n - 2k - 2£)(d5) e + lower order terms, 
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and carries S k [w] to £ [it]. Here d is the exterior derivative, S its formal adjoint 
and this formula follows from the formulae for the operators on the sphere ([3], 
Remark 3.30). At the k = specialisation (and with restrictions on I in the case 
of even dimensions) these are the usual GJMS operators of [34|, see |S]. For other 
k and when neither u or w is zero they are evidently still Laplacian like in the 
sense that the composition (w5d + ud5) o L\ takes the form 

(wSd + ud5) oij ~ A e+1 + lower order terms, 

where the "~" means up to a non-zero constant multiple. This means immediately 
that the operators L\ are elliptic in the case of Riemannian signature (conformal 
structures), or hyperbolic/ultrahyperbolic in the case of other signatures. If u 
or w is zero (and k ^ 0, n) then these operators instead arise in conformally in- 
variant differential complexes (namely detour complexes) with the corresponding 
properties; for example the complexes concerned are elliptic on Riemannian signa- 
ture backgrounds. In all cases the operators yield globally conformally invariant 
pairings on compactly supported sections 

(1) S k [£ + k- -] 3 <p,$ M- (tp,i(>) := / (p-Lfydfig, 

A J M 

where (p ■ L e k ip G £[— n] denotes a complete metric contraction between if and L e k ip, 
and dfig is the conformal measure. The operators L e k are formally self-adjoint, and 
so this pairing is symmetric. 

It is shown in [5] that the family L\ leads to operators which are analogues of 
Branson's Q-curvature (of [7J [5]) and a host new conformal invariants. The work 
[lj of Aubry-Guillarmou shows that these objects play a deep role in geometric 
scattering, and one that generalises the corresponding results for the GJMS op- 
erators and Q-curvature; see also |26| . In these constructions, the null space (or 
kernel) of the operators L\ is important. 

Except at the lowest orders, explicit general formulae are not available for the 
L\. For any particular operator a formula may be obtained algorithmically via 
tractor calculus by the theory developed in [2"%| I2H] . However it is clear from the 
special case of GJMS operators that the resulting operators, when presented in 
the usual way, would be given by extremely complicated formulae. 

It was shown by Graham f33| 120] using the Feffer man- Graham ambient metric, 
and via a new construction in [23], that for the GJMS operators striking sim- 
plifications are available on conformally Einstein manifolds. In particular very 
simple factorisation formulae are available which mean that in this setting the op- 
erators may be given by a formula which is no more complicated than Branson's 
corresponding formula of Branson for the case of the standard round sphere [5]. 
(We note here that similar formulae are available for the conformal "powers" of 
the Dirac operator on the sphere [38| HE].) This means that in this setting (and 
without restriction on signature or compactness) one may obtain explicit decom- 
positions of the null space of the GJMS operators in terms of eigenspaces of the 
Laplacian [31] . 

The situation is considerably more subtle for the operators L\ on differential 
forms. Nevertheless in [32] it was shown that in setting of an Einstein structure one 



Weighted forms on Einstein manifolds 



3 



may recover rather directly the detour complexes and Q-operators on differential 
forms. What is more these were shown to be given by simple explicit formulae; 
these involved factorisations of the operators which generalise those from |24| . 
That work [32] showed that for the case of w = (i.e. when the domain space is 
that of true or unweighted differential forms) it is possible to treat the operators 
L\ in a manner very similar to the treatment of the GJMS operators in [24J . It is 
not so for the remaining weights 

The aim of this article is to complete the picture by treating the operators L*, 
specialised to the setting of an Einstein structure and when w ^ 0. In fact we do 
more than this in that we obtain an approach which enables us to deal with all 
weights. Thus we we recover and significantly extend many of the results of [32J. 

We shall show that operators L k are compositions L k = Si . . . Se where every 
factor on the right hand side has the form Si = adS + bSd + c for some scalars 
a,b,c G R. (Note these 2nd order factors commute.) That is, the operators L k 
are polynomials in dS and Sd. In detail, we have the following theorem which 
completely describes the differential operators L k on Einstein manifolds. 

Theorem 1.1. Let $ := {!,...,£} and w = k + I - n/2 where 1 < k < f . The 
operator 

L e k : £ k [w] ^£ k [w-2£] 

has the explicit form 

( (dS - Sd)P k m {dS, Sd) k = n/2 

L i ~ { Pk(d6, Sd) w < and k < n/2 , 

[p k (dS,Sd)P k X{w ' w+1} (dS,5d) w>l and k<n/2 

for n even and 

Li~P*(dS,Sd) 

for n odd where ~ means "is equal up to nonzero scalar multiple" and two variable 
polynomials P k and P k are given in HM) and 

Theorem 15.21 provides the main step needed to reach the Theorem above. Note 
that the former is interesting and important in its own right. 

In [31] we show that if the factors S^ : V — > V (for some vector space V), in 
a composition P := SoSi---Se of mutually commuting operators, are suitably 
relatively invertible, then the general inhomogeneous problem Pu = f decomposes 
into an equivalent system SiUi — f, i — 0, ■■•,£. For the factors of the operators 
L l k a sufficient form of relative invertibility is established in Proposition 16.21 in the 
case that the Einstein manifold is not Ricci flat. This is then used to reduce the 
generally high order conformal operators L k to equivalent lower order systems. The 
outcome is that in any signature (and without any assumption of compactness) on 
non- Ricci flat Einstein manifolds we can describe the spaces Af(L f k ) (the null space 
of L k ), explicitly as a direct sum of null spaces for the second order factors of the 
L k (as in the Theorem above). This is Theorem 16.31 In the case of Riemannian 
signature compact manifolds of course the Hodge decomposition may be used in 
conjunction with the Theorem II .![ and so we obtain Theorem 16.11 
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2. Background: Einstein metrics and conformal geometry 

Let M be a smooth manifold, equipped with a Riemannian metric g ab . Here 
and throughout we employ Penrose's abstract index notation. We shall write S a 
to denote the space of smooth sections of the tangent bundle TM on M, and S a 
for the space of smooth sections of the cotangent bundle T*M. (In fact we will 
often use the same symbols for the bundles themselves.) We write £ for the space 
of smooth functions and all tensors considered will be assumed smooth without 
further comment. An index which appears twice, once raised and once lowered, 
indicates a contraction. For simplicity we shall assume that the manifold M has 
dimension n > 3. 

We first sketch here notation and background for general conformal structures 
and their tractor calculus following |15[ 128] . Recall that a conformal structure 
of signature (p, q) on M is an equivalence class c of metrics, where the equiva- 
lence relation g ~ "g of metrics in c is that ~g — fg for some positive function /. 
Equivalently a conformal structure is a smooth ray subbundle Q C S 2 T*M whose 
fibre over x consists of conformally related signature- (p, q) metrics at the point 
x. Sections of Q are metrics g on M. The principal bundle it : Q — > M has 
structure group M + , and each representation M + 3i4 x~ w l 2 £ End(M) induces 
a natural line bundle on (M, [g]) that we term the conformal density bundle 
We shall write S[w] for the space of sections of this bundle. Given a vector bundle 
V (or its space of sections V) we shall write V[w] (resp. V[u>]) to mean V <E> E[w] 
(resp. V® £[«;]). Here and throughout, sections, tensors, and functions are always 
smooth, meaning C°°. When no confusion is likely to arise, we will use the same 
notation for a bundle and its section space. 

We write g for the conformal metric, that is the tautological section of S 2 T*M® 
E[2] determined by the conformal structure. This will be used to identify TM 
with T*M[2]. For many calculations we will use abstract indices in an obvious 
way. Given a choice of metric g from the conformal class, we write V for the 
corresponding Levi-Civita connection. With these conventions the Laplacian A is 
given by A = gf ab V a Vfe = V b V;, . Note E[w] is trivialised by a choice of metric 
g from the conformal class, and we write V for the connection arising from this 
trivialisation. It follows immediately that (the coupled) V a preserves the conformal 
metric. 

Since the Levi-Civita connection is torsion-free, the (Riemannian) curvature 
R a bd is given by [V , V&]u c = R a b c dV d where [•, •] indicates the commutator bracket. 
The Riemannian curvature can be decomposed into the totally trace-free Weyl cur- 
vature C a bcd arid a remaining part described by the symmetric Schouten tensor P a b, 
according to R abcd = C abcd + 2g c[a P b]d + 2g d[b P a]c , where [• • • ] indicates antisym- 
metrisation over the enclosed indices. We put J := P a a - The Cotton tensor is 
defined by 

A-abc '■= 2V[foP c ] a . 
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Under a conformal transformation we replace a choice of metric g by the metric 
g = e 2uJ g, where u is a smooth function. Explicit formulae for the corresponding 
transformation of the Levi-Civita connection and its curvatures are given in e.g. 
|28] . We recall that, in particular, the Weyl curvature is conformally invariant 

C a bcd Caftcd- 

2.1. Conformally invariant operators on weighted forms. Following [6J we 
shall write £ k to denote the section space of smooth fc-forms and £ k [w] = £ k ®£[w]. 
Although this is similar to the notation for (weighted) tangent sections, by context 
no confusion should arise. 

The invariant differential operators on conformally flat manifolds are all known. 
We shall refer to the summary of the classification in [T7j section 3]. In particular, 
on weighted k- forms £ k [w] there are three types of operators. Here we shall mainly 
focus on the (power) Laplacian like operators 

L{ : £ k [w] -> £ k [w -2£], k<-, w = k + £- n/2. 

Here n is the dimension and t > 1 the order, i.e. w > k — ^ + 1. That is, w is 
an integer for n even and a half integer for n odd. Using the terminology of |17| 
section 3], these operators are all non-standard for n odd and, assuming n even, 
they are regular for w > k + 1 and w = and singular in remaining cases, i.e. for 
w G {k— | + 1,...,A;}\{0}. Further possible operators are the exterior derivative 
d and its formal adjoint 5 

d : £ k [0] -> £ k+1 [0], k < ri-1 and 5 : £ k [-n + 2k] ->■ £ k ~ l [-n + 2k - 2], k > 1 

of differential order 1. We extend the use of this notation to weighted differential 
forms in the obvious way via the Levi-Civita connection; for / G £ k [w] we write 
df and 5f to mean 

{k + l)V [a J ai ... ak] and - V ai / ai ... afc , 

respectively. 

Finally, for integers iu>A; + l,A;>l and w' > 1 there are overdetermined 
operators 

£ k [w] f 1 ® . ® £\ ®S k [w] and £{w'] -> f 1 ® . . ® £\ [w'] 

w—k w'+l 

of differential order w — k and w' + l, respectively. More precisely, the target bundle 
is the Cartan component of the displayed space. These operators are regular and 
are a class of what are known as first BGG operators. 

2.2. Conformal geometry and tractor calculus. A central tool in the treat- 
ment of conformal geometry is tractor calculus [2j, since this is a conformally 
invariant replacement of the Ricci calculus of pseudo-Riemannian geometry. (For 
a general development of tractor calculus in the broader context of all parabolic 
geometries see [9] ) . The discussion here follows |28] and for the treatment of forms 
[SI 1201 HH] as summarised in (32] . Some parts of the treatment are specialised to 
Einstein manifolds. 
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We first recall the definition of the standard tractor bundle over (M, [g]). This 
is a vector bundle of rank n + 2 defined, for each g £ [g], by = S[l] © £ a [l] © 
£[-l). lfg = e 2T g, we identify (a,/x a ,r) £ [f^jg with (a,/2 a ,r) £ [£ A ]^ by the 
transformation 

(2) \l<><\ = \ T « 





















(3) 
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■|T C T C 

where T a := V a T. It is straightforward to verify that these identifications are 
consistent upon changing to a third metric from the conformal class, and so taking 
the quotient by this equivalence relation defines the standard tractor bundle T, or 
S A in an abstract index notation, over the conformal manifold. (Alternatively the 
standard tractor bundle may be constructed as a canonical quotient of a certain 2- 
jet bundle or as an associated bundle to the normal conformal Cartan bundle [14J.) 
On a conformal structure of signature (p,q), the bundle S A admits an invariant 
metric Iiab of signature {jp + 1, q + 1) and an invariant connection, which we shall 
also denote by V ffl , preserving Hab- I n a conformal scale g, these are given by 

V a a - fi a 

Va/ife + 9ab T + P abOt 

V a r - P ab fi b 

It is readily verified that both of these are conformally well-defined, i.e., inde- 
pendent of the choice of a metric g £ [g\. Note that Iiab defines a section of 
Sab — Sa® Sb-i where Sa is the dual bundle of S A . Hence we may use Hab and 
its inverse h AB to raise or lower indices of Sa, S a and their tensor products. 

In computations, it is often useful to introduce the 'projectors' from S A to the 
components S[l], S a [l] and £[— 1] which are determined by a choice of scale. They 
are respectively denoted by Xa £ Zao, £ £Ua[l] and Ya £ Sa[— 1], where 

£,4 a [w] = Sa © S a © S [w] , etc. Using the metrics Iiab and g ab to raise indices, we 
define X A , Z Aa , Y A . Then we immediately see that 

YaX a = 1, ZAbZ A c = g bc , 

and that all other quadratic combinations that contract the tractor index vanish. 
In (j2J) note that a = a and hence X A is conformally invariant. 

Given a choice of conformal scale, the tractor-D operator Da'- £b~e[w] — ► 
Sab-e[w — 1] is defined by 

(4) D A V :=(n + 2w- 2)wY A V + (n + 2w- 2)Z A( N a V - X A OV, 

where DV := AV+wJV. This also turns out to be conformally invariant as can be 
checked directly using the formulae above (or alternatively there are conformally 
invariant constructions of D, see e.g. [22J). 

The curvature Q of the tractor connection is defined by 

[v a ,v b }v c = n ab c E v E 

for V c £ S c . Using ([3]) and the formulae for the Riemannian curvature yields 

(5) QabCE = Zc c Z E e C a b ce — 2X\qZ E f 'A eab 
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We will also need a conformally invariant curvature quantity defined as follows 
(cf. [251123]) 

(6) W BC E F := -^-D A X [A Q BC] E F , 

n — 2 

where Qbc E f '■= ZB h Zc c ^b E f- in a choice of conformal scale, Wabce is given by 

/y\ (n ~ 4) {Z A Z ' B b 'Z C L Z E e C ' a bce ~ %Z 'a l Z ' B l 'X[ C Z E\ Aeab 

—2X[AZB} b Zc c Z E e A bce )+4:X{AZB] b X{ C Z E fB eb , 

where 

B a b '■= V C A ac 6 + P dC Cdacb- 

is known as the Bach tensor. From the formula ([7]) it is clear that Wabcd has 
Weyl tensor type symmetries. 

We will work with conformally Einstein manifolds. That is, conformal structures 
with an Einstein metric in the conformal class. This is the same as the existence 
of a non- vanishing section a 6 £[1] satisfying [V( a Vb) + P(ab) ] o~ = where the 
subscript (. . .) indicates the trace-free symmetric part. Equivalently (see e.g. 
[2, 27j) there is a standard tractor I a that is parallel with respect to the normal 
tractor connection V and such that o := XaI A is non- vanishing. It follows that 
Ia '■= \Dao = Ya& + Zffl ' a o~ — ^■X J 4(A + J)a, for some section a e £[1], and so 
X I a = cr is non- vanishing. If we compute in the scale a, then the Cotton and 
Bach tensors are zero (see e.g. |27| ) and so Wabcd — (n — ^Z a A Z B Z^Z D C a bcd- 

2.3. Tractor forms. Here we recall the calculus for tractor forms as developed in 
[32] . We write £ k [w] for the space of sections of (K k T*M) ®E[w] (and £ k = £ k [0]). 
Further we put Sk[w] := S k [w + 2k — n]. We shall use the analogous notation 
T k [w] := (A fc T) <8> £[w) on the tractor level. 

In order to be explicit and efficient in calculations involving bundles of possibly 
high rank it is necessary to employ abstract index notation as follows. In the usual 
abstract index conventions one would write £\ab- c ] (where there are implicitly k- 
indices skewed over) for the space S k . To simplify subsequent expressions we use 
the following conventions. Firstly indices labelled with sequential superscripts 
which are at the same level (i.e. all contravariant or all covariant) will indicate a 
completely skew set of indices. Formally we set a 1 ■ ■ ■ a k = [a 1 ■ ■ ■ a k ] and so, for 
example, S a i... a h is an alternative notation for S k while £ a i... a k-i and S a 2... a k both 
denote S k ~ 1 . Next, following [30] we abbreviate this notation via multi-indices: 
We will use the forms indices 

a*:=a 1 ---a fe =[a 1 ---a fe ], k > 0, 

h k ■= a 2 ■ ■ -a k = [a 2 ■ ■ -a k ], k > 1. 

If k = 1 then a fc simply means the index is absent. The corresponding notations 
will be used for tractor indices so e.g. the bundle of tractor fc-forms E^-A k ] w ^ 
be denoted by £41...^- or £ A k. 
The structure of S A k is 

(8) e [A i... A k] = S Ak ~ £ fe - 1 [/e] 6- {S k [k] © E k -\k - 2]) ^E k -\k - 2]; 
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in a choice of scale the semidirect sums 6" may be replaced by direct sums and 
otherwise they indicate the composition series structure arising from the tensor 
powers of d2J). 

In a choice of metric g from the conformal class, the projectors (or splitting 
operators) X, Y, Z for S A determine corresponding projectors X, Y, Z, W for £ A k+i, 
k > 1 These execute the splitting of this space into four components and are given 
as follows. 

\jk V a?- — a k v a fc \r ya 1 ya k c ca k \ u il 

R ~ yL A°A L -A k " ^^A* ~ 1 A {)Zj A 1 " ' ^ A k fc °A k + 1 y h L \ 

Zk n?o}-—cC H? a k y a 1 y a k r- ca k \ u] 

— £j A 1 —A k ~~ A fc ~~ A 1 ' ' ' A k ^ c A k l 1 

w fc = w^„£;;i = w A , A0 £ = x [A ,Y AO zxi ■ ■ ■ z* e efu-k] 

wk Y a 1 — a k Y a fc v y a 1 ya k <~ ca k \ i, j_ il 

A ^ Jk A°A 1 ---A k ~ A°A k ~ ^AO^A 1 " ' A A k fc C A k + 1 \-~ K + l \ 

where k > 0. The superscript k in Y fc , Z fc , W fc and X fc shows the corresponding 
tensor valence. (This is slightly different than in [6j , where k is the relevant tractor 
valence.) Note that Y = Y°, Z = Z 1 and X = X° and W° = X [A 'Y A0] . To simplify 
notation we introduce projectors/injectors 

q k : T k [w] -» E k [w + k], F A ^Z^F A for Fef and 
q k : S k [w] T> - fc], / a M- Zl/ a for / G £ k . 



From © we immediately see V P Y A = Z%P pa , V p Z a A = -5%Y A - P£X A and 
X?pX A = Z Ap . From this we obtain the formulae (cf. |30j) 



V p zfo£ = "(* + l)<Y A oi» - (* + i)p/°x A oi. 

fc Ok 1 ■ fc 

V p X A o A fc = g va ^%>A k ~ W A o A fc, 



which determine the tractor connection on form tractors in a conformal scale. 
Similarly, one can compute the Laplacian A applied to the tractors X, Y, Z and W. 
As an operator on form tractors we have the opportunity to modify A by adding 
some amount of W§§, where (j denotes the natural tensorial action of sections in 
F>nd(£ A ). Analogously, we shall use Cfjjj to modify the Laplacian on forms; here jj 
denotes the natural tensorial action of sections in End(£ a ). It turns out (cf. [6]) 
that it will be convenient for us to use modifications 

(10) ^ = A + ^—Wn and p A = D A -^—X A WU for n ^ 4, 
n — 4 n — 4 

cf. 01]). (Note A = V a V a .) The operator Jp was introduced in [6]. 

Since the Laplacian is of the second order, it is convenient to consider e.g. AYj^r a 
where r a G £ a [H- ^ wm be sufficient for our purpose to calculate this only in an 
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Einstein scale. For example, using (Q and then that P a b = g ab J/n, we have 
V p V p YXr a =V p [P pa iZ a A + (k — l)P/w| + YXV p ]r a 

= - Yi[(6d + dS + (1 _ 2(fc-l)(n-fc + l) )t/ + cn)r]a 



nk n n z 



where, as usual, A = A fc and a = a fc . Summarising, one can compute that in an 
Einstein scale we obtain 

-^Y* r a = Yi[(Sd + dS+(l- 2(fc ~ 1)( ^~ A: + 1) )J) t] . 



- \%l{JdT) a + ^^W|(J5r) a + ^±^X1J 2 
nk n n z 

* /z a = -2 kYi {5fi) k + 7L\ [ (Sd + dS - 2k ^ n ~ k ~ V > j) ^ 



n 
2 A- 

(11) " 

-£W> a = -?-¥l((ii/)i+Wi[(*d + dS - 2{k ~ i){n ~ k+2) j) V ] i 

-^Xlp a = (n-2A; + 2)Y£p a - 2(A;-l)W|(5p) a 

- |zi(dp). + XI [(tfd + rf5 + (l- 2(fc ~ 1)(n ~ fc + 1) )J)p] a - 

for n^4, cf. [151 (1.50)]. Here r a G £ a [w]? Pa £ £ a M> ^a e an d Pa G £ a M 

where a = a fc , k > 1 and u> is any conformal weight. 



2.4. Modified tractor D-operator on conformally Einstein manifolds. The 

operator If) will be essential for our subsequent computation. It is defined above 
only for n ^ 4. Assuming M is a conformally Einstein manifold, we extend this 
operator to the dimension n = 4 as follows. First we define the tractor 

W^BCD =^AB^CD ( ^ abed ~ 4Z j £ B X C t £) V \ a Pb]d 

- 4X A b B Z£*V [c P d]b - SK J ^X c i<T- 1 (y [b P a]d )V a <T 

in the scale a G S[l]. This (scale dependent quantity) was used in [241 section 4] 
and it is shown there that W ABCD = W ABCD for any pair of Einstein scales o\ 
and 0"2. Hence we can drop the superscript o in conformally Einstein manifolds as 
Wabcd isjvell defined on such structures. 
Using Wabcd, we define new modifications 



(13) 



fi = A + WU and p A = D A -X A WU- 
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In particular, this definition covers the case n = 4. The two definitions of A and 
Tp in (1TU|) and (fT3"j) for n 7^ 4 are consistent; the following lemma follows from |24[ 
Section 4]. 

Lemma 2.1. On conformally Einstein manifolds it holds Wabcd — Wabcd for 
n^4. Therefore the operators If) and/^. defined in (T73|) agree, in dimension n^4, 
with the operators denoted by same symbols in expression (T77|). 

To write explicitly the commutator [Jp A ,fl B ] 011 density valued tractor fields, 
we shall need the following operator introduced in |23| . Recall that sequentially 
labelled indices are assumed to be skew over, e.g. A 1 A 2 = [A 1 A 2 ]. We put 

(14) D A i A 2 = -2(wW A i A 2 + X A1 ^ 2 V a ) 
Using this, one computes 

(15) [fl A , p B ] = (n + 2w-2) [(n + 2w - 4)W AB % - (D AB W)U] ■ 

on any density valued tractor field. Since we can use the definition (TTU]) for IJ), in 
the case n^4, the previous display follows from [32| (13)] for such dimensions. A 
direct computation then verifies the case n = 4. 

Lemma 2.2. Let I A ,I A e £ A be two parallel tractors. Then I A I B []p A , Jp B \ = 
on any density valued tractor fields. 

Proof. Since I a W AB cd — 0, the case n / 4 follows from |32[ (13) and Lemma 
2.2(h)]. Assume n = 4. Then I a W AB cd = 0. Choosing an Einstein scale a, this is 
easily verified using relations Q a bCDl D = 0, V[ a Pb} c = and cr _1 (V[bP a ]rf)V a cr = 0, 
cf. the explicit formula of W AB cd above. Further one easily verifies that [32| 
Proposition 2.1 (ii)] holds if we replace W AB cd by W AB qd- Therefore also |32[ 
Lemma 2.2(h)] holds if we replace W AB cd by W AB cd and the case n = 4 follows. 

□ 

3. Einstein manifolds: conformal Laplacian operators on tractors 

We assume that the structure (M, [g]) is conformally Einstein, and write a £ E[l] 
for some Einstein scale from the conformal class. Then I A := ^D A a is parallel 
and X A I A = a is non-vanishing. 

The operator \f] := A + wJ + W% acting on tractor bundles of the weight w is 
conformally invariant only if n + 2w — 2 = 0. On the other hand the scale a (or 
equivalently I A ), yields the operator 

(16) {f} a := l A p A = (t(-A - 2^-{n + w- 1) J) : S B ... E [w] — > S B ... E [w - 1] 

which is well defined for any w, cf. [21]. Thus we can consider the composition 
(Jfl<r) p , p G N and we set (^o-) := id. These operators generally depend on the 
choice of the scale a but one has the following modification of |24[ Theorem 3.1]. 
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Theorem 3.1. [30j Let a, a be two Einstein scales in the conformal class and 
consider the operators 

-(^y, -M,f : £ B ... E [w] — ► E B ... E [w - 2p], 

forp£Z> . Ifw = p- n/2 then ± {\f} a f = i p ff )* . 

Proof. The proof is completely analogous to the proof of [32, Theorem 3.1] once 
we know I a I b [Pa,Pb] = 0. Hence the theorem follows using Lemma [2.21 □ 

One can generalize the tractor-D operator to weighted forms as follows. First 
some notation. Exterior and interior multiplication by a tractor 1-form u are given 
by 

f 17 \ (e(uj)ip)A -A k =(k + l)u [Ao ip Al ... Ah] , 

We extend the notation for interior and exterior multiplication in an obvious way 
to operators which increase the rank by one. For example, for ip a weighted tractor 
form, l(P)<P means p Al (fA 1 -A k - 

The operators M^[u>] : S a — > £a\ w ~ k] (see the operator M from [30]) and 
M*£ : £aK] -)> £ a [w' + k] defined as 

(lg) Mlf a =—- k ZZU + Xi(5f) k , f a e£ a [w] 

M**F A = ~(w' + k)Z^F A + (dX A F A ) a , F A e E A [w'}. 

where A = A fc and a = a fc are formal adjoints for suitable choice of w'. (Hence 
M* is conformally invariant.) These operators are closely related to l(P)s(X) and 
l(X)e(P). One easily computes that 

fc( n + 2 (w -k) + 2)Mf = i(p)e(X)q k f, f G £ k [w] 

- (n + 2w' - 2)M*F = q k L(X)e(p)F, F e T k [w']. 

It follows that on differential forms of generic weight 

(19) t{p)M = 0. 

In fact by computing the remaining case it follows that this holds for all weights. 
Another consequence for / and F as above we have 

L(p)e(X)i(X)e(p)F = -k(n + 2w'+2)(n + 2w'-2)MM*F, 

( 20 ) qh(X)e(p)L(fl)e(X)q k f = -k{n+2(w-k)+2)(n+2(w-k)-2)M*Mf, 

and M*Mf = -\w(n + w-2k)\&. 
k 

Note that contrary to the last relation, MM* is generally not a multiple of the 
identity. 

Using these we obtain the (conformally invariant) operator 

PB : /aM — ► U[W ~ 1] 

p B f, = M* A a p B Mlf a . 



12 



Gover & Silhan 



As an analogy of ( !T6|) we have (scale dependent) operators 

(22) 0? := M*t(^) p Ml : £ a [w] — ► £ a [w - p] 

for p > 1 and we put r/£° := id. The case p = 1 shall be denoted simply as 

:= \J\ a . Note the operators {tfi a ) p and p CT are generally different for p > 2. 
Using the formulae fll|), flSJ), and (ITT]) (and (|12|) for dimension 4) in a computation 
we obtain 

0^ = \f\ a = — -«r[«;(n + w - 2k - l)d<J + (to - l)(n + w - 2k)5d 

(23) fc r _ , 

- 2^ Un + w-2k)(n + w-2k- 1) j] . 

n 

and 

0l ] = -ya 2 \w{n + w - 2k - 2){d5) 2 + {w - 2){n + w - 2k){5d) 2 
k 

2 

- -w(n + w- 2k-2)[(w- l)(n + w - 2ife) + (tw - 2)(n + w - 2k - l)]JdS 
2 

- ~(w - 2)(n + w- 2k)[(w - \){n + w - 2k - 2) + w(n + w - 2k - l)]JSd 
4 

+ — w(w -l)(w-2)(n + w-2k)(n + w-2k-l)(n + w-2k- 2) J 2 } . 



Actually one computes (ffHa) 2 = — h( w ~ l){n+w— 2k— l)p CT from last two displays. 

~(2) 

This shows that for w ^ {1, — n + 2/c + 1}, can be always decomposed into 
simpler factors. Later we shall need the case w — 1 and remarkably, this can be 
also decomposed. On £ k [l] we have 



;(2) 2 



k 



,n , L .„ ,n 1 



(24) [py = --a 2 (- - k - -)d5 + (- - k + -)5d d5 - 5d + -(- - k)J 



■2 2' K 2 2 



4 ,n 



n K 2 



where the right hand side is not a scalar multiple of (po-) 2 - 

4. CONFORMAL OPERATORS ON WEIGHTED FORMS 

Henceforth we assume 1 < k < ^ and the dimension n can be either odd or 
even. A point of notation, we shall use (p ~ ip for differential operators (p and ip if 
they are equal up to a nonzero scalar multiple. Further we assume a 6 £[1] is an 
Einstein scale with the parallel tractor I A . 

Our main aim is to study the operator 

(25) L{ := a~ l q k (tf] a ) i M : £ k [w] — > £ k [w - 2£], w:=k + £-n/2, 

for I > 0. Note that the q k projection on the left hand side is invariant since 
t(X)(ff] (7 YM = for w as in the previous display, this follows from (TH?j) . and 
Proposition 17.31 with [6, Lemma 4.2]. It follows from Theorem 13.11 that L k is 
independent on the choice of Einstein scale a, and hence is canonical on conformally 

Einstein manifolds. (Note L k coincides with {f\ a up to a scalar multiple.) The 
agreement of the L e k here with the operators given by the same notation in [6] is 
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immediate from the construction in that source, which uses the fefferman-Graham, 



ambient metric, along with Proposition 17.31 from Section [7J 

It is also interesting to understand the meaning of the "bottom slot" of o~ i (^ a ) l Mf 
for / G £ [u>], i.e. the operator 

(26) G f f := a- e q k -h(Y)({p (r yM : £ k [w] — > £ k [w-2£-2}, w := k+i-n/2, 

which depends on the choice of the Einstein scale a. 
The operators L\ and G k ' a are particularly simple: 

Theorem 4.1. Let w — k + 1 — n/2. The operators 

L\ : £ k [w] ->• £ k [w - 2] and G 1 ^ : £ k [w] -> £ k ~ x [w - 4] 

have explicit form 

Ll=q-k-l)d5+q-k + l)5d+lq-k-l)^-k + l)q-k)j 

Note that up to a nonzero scalar multiple, y 2 simplifies to d8 — 8d. On the 

other hand, there is the relation G\ a = n ^ 2 lk~i ^^k f° r ^ — k — 1 ^ 0. The latter 
conditions excludes true forms, i.e. the weight w — 0. 

Proof. The theorem follows by a direct computation. Concerning L\ for 7^ | 
one can proceed also by the following (simpler) way. We use once again that 
Proposition 17.31 with [6, Lemma 4.2] implies that i{X){fl a M = on £ fc [u>]. Thus 
M*tf\ a M = -(w 1 + k)q k {J\ a M on £ k [w], cf. flTS}, where w' = w - 1. Therefore 
comparing Lj, = o~~ e q k (ff} a ) £ M with ^[J3 CT = ^M*l/] a M, we see these coincide up 
to a constant multiple for w' — 1 7^ 0, i.e. for 7^ |. Thus the form of L\ follows 
from (|2"3"]) in the latter case. □ 

Before studying operators L k in detail, we describe their relation with the op- 
erators Gjf . 

Theorem 4.2. Let w — k + £ — n/2 where 1 < k < |. Computing in an Einstein 
scale a, operators G l k : £ k [k + I — n/2] — £ k ~ 1 [k — £ — n/2 — 2] satisfy 

wGf = -SLl 

G^ = - ^— J- -a-^ti^ /or k>2. 

k k(n + w-2k + l) k 1 

This in particular means operators G k a are not too interesting for w^O. This is 
in strong contrast to the case w = 0, see for details. Note also the denominator 
in the second display is always nonzero as n+w — 2k+l = n+(k+£—n/2)—2k+l = 

(%-k) + (e + i)>i. 

Proof. Since l(X)({/} (7 YM = on £ k [w] (as explained above), and using definitions 
of L e k and G e k ,cr in (125]) and f ]26]) . these operators appear in the tractor field 

(27) F A := o-- £ {{^YMf) A = Zi(4/) a + fcXftGjV)* G £a[™ - <] 
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for / G £ a . Here we use form abstract indices A = A k and a = a k as above. The 
weight on the right hand side is obtained as w — k — 2£ = — ~ — £. This tractor 
form has the property 

i{p)F = L(p)a- e gi a ) e Mf = a-\\f} a f + h{X)Mf = 

according to Proposition 17.31 with |6l Lemma 4.2]. It remains to evaluate = 
(i(Ip)F) A = —Ip B F BA in detail. Using the form of F from (127|) . one gets 

p B F BA = 2£Zl[(k +t-^) (<?£7)a + (SLif) k ] + Xjz* 

for some section u a G S a [— ~ — £ + (k — 4)]. Since w = k + £ — S and the previous 
is zero, the first relation of the theorem follows. 

To prove the second relation, observe that liY)^]^) 1 ]^ = O" _1 i(/)([J3 -) £ M = 
o" _1 ([JZ] -) £ i(/)M. Here and below we compute everything in the scale a. Since 
k n+w k ^ t+1 M = Mob using (I18p . where a denotes the multiplication by o on 

the right hand side, and G k = o~~ £ q k ~ 1 i(Y)(ff] a yM we obtain 

7 n + w-2k + l £a n + w-2k + l . w _ 1t£ r 

and the theorem follows. □ 

5. Factorization of operators Lf. 

Our aim is to find explicit expressions for L e k in the general case I > 1. This also 
yields explicit form of G k ,a due to Theorem 14.21 As above we assume the manifold 
is conformally Einstein, a G £[1] is an Einstein scale, and we write I A to denote 
the parallel tractor corresponding to a. First we prove the following result. 

Lemma 5.1. Assume V G T k [£ -n/2] where £ G {0, 1, • • • } satisfies i(X)(^} a Y°V 

0. Then 

M*Mq k a- e °([Z] a y o V = 9 V^°(^) 4 MMY. 

Proof. The case £ = is an easy computation using (ITS]) and f l2"U|) . We shall prove 
the case £q = 1 and £ > 2 separately. 

(i) Assume £ = 1. We use the direct computation. First we shall use the 
assumption on 

V A = Y A n a + Zlfi A + W|^a + Xlp a G £ A [l - n/2), 

1. e. that i(X)(p ff ) £ °V = i(X)a(-fi. + ^ J)V = 0. Here we have used the formula 
([To 7 ]) . We shall need only the top slot this tractor, i.e. 

r/ rr , 2(7c - l)(n - k + 1) n-2. x , /t . . . , 2 , n 

[(d5+6d+(l i ^ —^ + ^—)j)n-2k(6p) + (n-2k+2)p+- — -du] A 

(using (Til]) ): by our assumption this is zero. Applying the differential d to the last 
display we obtain 

(28) [(tW + (- - ^- —^)j)dn - 2kd5p + 2(--k+ l)dp] & = 0. 
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To prove the Lemma we compare both sides of the claimed equality. To compute 
the right hand side we first need that 

I 77 77 1 -77 ! 

(MM*V) A = -(- — k + 1)Z£[(- -k-l)fi+ -<k] a + XX[{--k- 1)5 fx + -5dK} k 

using (JTSj) . Applying q k a~ l {f} (7 = q k (—//± + J) to the last display we see that 
the right hand side q k a~ 1 (ff] a .)MM*V is equal to 

, ,M n i ,\r, r r, 2k(n — k — l) T n — 2 
^2 _A;+1 )(2 + ^ -J + —J]V+ 

, lNr l , r , r. , r i I / ra , ,\r 2k(n-k-l) 77,-2-,, 

k { 2~ k ~ l) k d5dK ~ 2d5 ^ + ¥ { 2~ k + l) I n + J ^ 

using (Hip after some computation. The computation for the left hand side is 
simpler and we obtain that M* Mq k o~~ l (Jf] a )V is equal to 

l/Ti . ,\/ n , ,\r/,c- r, 2k(n — k — 1) 77 — 2 tX 2 TJ 2 rl 
-(--Ar + l)(--fc-l)[(d(y+W K — lj +— J )»-- k U *-- k d P\* 



using fj 1 ip and f l20|) . Now a short computation reveals that the difference of the 
last two displays vanishes due to (I28|) ■ 

(ii) Now assume £ > 2. Using once again Proposition 17.31 with Lemma 4.2] 
we have 

L(X)e(p)L(p)e(X)a- £ °(fi a y°V = a- io (%Y°e(p)e(X)t(X)e(lp)V. 

The left hand side is equal to L(X)s(l/))L(p)e(X)q k q k o- ea ([fi a y o V due to the as- 
sumption t{X){^f\ (7 Y {) V = 0. Therefore applying q k to both sides of the previous 
display and using (|2"U|) we obtain 

-4k(£ -l)(£o+l)M*Mq k a- eo ({p a y o V = -4k(£ +l)(£ -l)q k a- e °(lp rT ) io MM*V 

since V E T fc [4 - n/2] and gV^°(p CT ) f °U e S k [k - £ - n/2]. The scalar factor 
can be omitted on both sides since we assume k > 1 and A) > 2, and the Lemma 
follows. □ 

The operator L k is defined using a power of {/} a . The following Theorem shows 

~(p) 

how to replace the factors (which act on tractor forms) by factors \p a (which 
act on tensor forms). 

Theorem 5.2. Let 1 < p < £ — 1. The operator L l k : £ k [k + I — n/2] — ► 
£ k [k — £ — n/2] satisfies 

\{k+{£-p)- n/2) (k - {£ - p) - n/2) L[ = a^L^f . 

Proof. Using (125]) we get 

L e k := q k a- e (fl a ) e M = o~* 'q k 'a'^^Y'' '(ff} a ) p 'M 

where, recall, i{X)(^\ (T Y~ P ^<f) P M = 0. Using the previous Lemma (with £$ — 
£ — p) we have 

o:- p M*Mq k o-- (e - p \[fl a y- p (ffl a ) p M = a~ p q k a~^~ p ^ ({p a Y~ p MM* (p (r ) p M. 
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Now using ( 120]) on the left hand side and ( )22|) on the right hand side we finally 
obtain 

Uk + {£-p)- n/2) (k - (£-p) - n/2) g k a~ e QprfM = a^q k a-^ {[f} a ) l ^M0f 
and the Theorem follows. □ 
The crucial point is that we can use the theorem repeatedly to decompose L e k , 

t > 2 into a composition of factors \p a . For most weights involved we can apply 
the theorem {I — 1) times with p — 1. This yields a composition of second order 

factors, each of which is \fl a = \J^ a "* (although the weight of the form this is applied 
to varies) apart from the left factor which is L\. We know L\ explicitly from 
Theorem 14.11 However the choice p — 1 is not available when this would imply 
that one of scalars on the left hand side in Theorem 15.21 is zero. In that case, we 

~(2) 

use the choice p = 2 which yields the factor {p a . For all weights concerned we 
may decompose entirely using, at each step, either p = 1 or p = 2. 

The scalars on the left hand side in Theorem 15.21 are k + (I — p) — n/2 and 
k — (I — p) — n/2. The latter scalar is always negative as k < n/2 and I — p > 1. 
Since we assume w = k + I — n/2, the first scalar is equal to w — p so the choice 
p = 1 must be avoided only for the weight w — 1. This affects only the even 
dimensional case asw = k + £ — n/2. Moreover, for the special case k = | we have 
w = 1 implies 1=1 and this is known due to Theorem 14.11 Thus, in this process, 
when w = 1 (then necessarily n is even and) we are forced to use p = 2 only if 
k < n/2 - 1. 

We shall use the notation 

Pj?[E, F] := Y[[(w-i + l)(w-i + n- 2k)E + (w - i){w - i + n - 2k + l)F 
(29) ^ 

2 I 
(w — i)(w — i + l)(w — i + n — 2k)(w — i + n — 2k + 1) J 

n 

where $ C Z is a finite set and E, F : S h [w] — > S k [w], w G R are differential 
operators. In fact we use this with E := d5 and F := 5d. Then note that the 
factor on the right hand side, with fixed i G is (up to the multiple —\cr) just 
lp a from ( |2"5|) where w is replaced by w — i + 1. 

As mentioned above, the only case we need the choice p = 2 in Theorem 15.21 is 

~(2) 

on £ [1], k < | — 1. This leads to the factor {f\ a ; but this is decomposed in 

~(2) 

From this it follows that \p a is equal (up to a nonzero scalar multiple) to 
(30) P k (E, F) = [q - k - \)E + q - k + [E - F + i(£ - k) J 

where E = d5 and F = Sd. 

With this notation we are ready to state the main factorization result: 

Theorem 5.3. Let $ := {1, . . . ,£} and w = k + I - n/2 where 1 < k < |. The 
operator 

L{ : £ h [w] £ k [w- 2£\ 
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has the explicit form 

( a-\^ a y ~ (d8 - 8d)P k X{e} (d5, 8d) k = n/2 

L e k ~ J <T- e $J) 1 ~ Pk(d5, 8d) w < A k < n/2 

/or n even and 

Li-a-^y-pt^Sd) 

for n odd. Here ~ means "is equal up to nonzero scalar multiple" and we use the 
notation from / flffij) and (TffiTp. 

Proof. In the case = | we first use Theorem 15.21 with p = 1 — l)-times. This 

yields P k W \dS,Sd). Then remains, as the leftmost factor, just L\. This is equal 
to dS — Sd (up to a nonzero scalar) according to Theorem 14.11 The case w < 0, 
k < n/2 for n even and the case n is odd are even simpler, we simply use Theorem 
15.21 l-times with p — 1. 

Now assume > 1 and k < n/2. First we apply Theorem l5.2l (w — 1) times with 
p = 1; this yields the factor P^ 1, '"' ,i ' _1 ^((i5, 5<i). Then we apply Theorem 15.21 with 
p = 2 which introduces the factor Pk(d5,5d). Then we continue with an iterated 

use of Theorem 15. 21 with p = 1, and this yields P^ w+2 ' ' (d8, d~d). From these three 
steps, the theorem follows. □ 

Note the previous theorem provides also factorization of the operators , due 
to Theorem 14.21 

Remark 5.4. The explicit formulae for L l k show that these operators are formally 
self-adjoint. Indeed, L k is a polynomial in E = d5 and F = Sd where actually only 
monomials E p and F q appear. Thus F* = F and E* = E immediately implies 
that (Li)* = Li 

6. Decomposition of the null space of L e k . 

We continue the notation and setting from the previous section. Henceforth 
shall use notation J\f(F) and 7Z{F) for the null space and range, respectively of 
an operator F. Recall every operator L k , 1 < k < ^ is a composition of £ second 
order commuting factors, each of them of the form add + b5d + c where a, b, c are 
(half) integers. In this Section we use our results above to produce a direct sum 
decomposition of the null space of the operators L e k . 

6.1. Riemannian signature and M closed. Assuming the Einstein metric has 
Riemannian signature and that M is closed (i.e. compact, without boundary), 
we obtain easily an explicit description of Af(L e k ). Recall the space of fc-forms 
decomposes as 

£ k = K{d) © K{8) © [N{d) n N{8)) 
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where Af(d)r\Af(5) is the space of harmonic forms. Both TZ(d) and TZ(5) decompose 
to eigenspaces of the form Laplacian and using the notation 

U\ A := {/ G S k | dSf = Xf} C K{d), U k a ,x ■= {/ 6 £ fc I = A/} C ft(5) 

and ft£ := jV(d) D Af{5) 

from [32j, we have 

(31) Af(ad5 + 65d + c) = %l_ * ®H k a _ c _ and A/"(ad<5 + b8d) = H k 



for a, 6, c nonzero. Using the spectral decomposition given by the form Laplacian 
with our result Theorem 15.31 we immediately obtain the following. 

Theorem 6.1. Let M be a closed manifold equipped with an Riemannian Einstein 
metric which is not Ricci flat. Let w = k + I — n/2 where 1 < k < ~ and put 

- 2 2 

Aj = —(it? — i)(w — i + n — 2k + 1) J and Aj = — (w — i + l)(w — i + n — 2k) J, 
n n 

forl<i<£, and y, = |(f - k)J . Then 



N(L e k ) 



m=i[K,x i ®K,~x i ) w<0Ak<n/2 



K )0 ©e:= 2 (KA©^ x J w = 

7# © © © (% Xi ®U k A w>lAk<n/2, 



i=l,...,. 

6.2. The general case. On general Einstein manifolds we do not have the spec- 
tral decomposition but still can reduce the description of the null space of L k to a 
second order problem. First we show the following: 

Proposition 6.2. Let L l k = Si . . . Si : £ k — > £ k be the decomposition of L k to 
second order factors from Theorem \5.3\ in the Einstein metric a and assume J ^ 
in this scale. Choose a pair of integers 1 < t < u < £. There are differential 
operators (ft, <p u '■ £ k — > £ k such that 

<p t o S t + ip u o S u = id 

where the operators (p t , ip U) S t and S u mutually commute. 



2 ' 



Proof. Considering the right hand side of operators L k in Theorem 15. 3[ there are 
several possibilities for second order factors of St and S u . First, they can come from 
the polynomial P k . In this case the right hand side of (129 p . with w = k + 
yields (up to a sign) factors 

Si := {A. + i- 1)(A+ - i)E + (A_ + i)(A+ - i + 1)F+ 
(32) + —{A- +i-l){A + - + i)(A+ - % + 1) J, 

where A + = - - k + £, A_ = - - k - £, 1 < i < I , i £ {w, w + 1}. 
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(Note the condition % (jL {w,w + 1} is vacuous for w < 0.) We shall call these 
factors generic. Here and below we use the notation E = dS and F = Sd, as in 
the previous Section. Next if not as just described the remaining possible factors 
are 

S:= (--k--)E+(--k+-)F, 
V 2 2> v 2 2' 

~ An 
3' :=E-F + -(--k)J and 
n 2 

S" = E - F. 

Factors S and S' come from the polynomial in Theorem 15. 3[ i.e. from (130]) . the 
factor S" appears in Theorem 15.31 for k — \ . Summarizing, every factor of St and 
S u from the Proposition 16.21 is either Si, 1 < i < £ (generic factors) or S or S' or 
S". 

First consider a generic pair of factors S t , S u i.e. St = Si, S u = Si +p . That is, 

S t =B.(B+ - l)E + (B- + 1)B+F + -B-(B+ - 1)(5_ + 1)5+ J, 

n 

S u =(S_ + p)(B+ - p - 1)E + (B_ + p + - p)F 

+ -(£_ +p)(5 + - p - +p + - p) J. 

n 

Here 5+ = | — + £ — r and _B_ = | — k — £+r where r = i — 1 i.e. < r < £ — 1 and 
< p such that r + p < I — 1. The conditions i ^ {«;, w; + 1} and i + p {lo, u; + 1} 
then mean, respectively, r ^ {w — l,w} and r+p ^ - 1, w}. Now a short 
computation reveals that 

S u := p{B+ _ B 1 _ {p+1)) (SuS t ) = E+F+l[2B + B^+(p+l)(B + -B_- P )]j. 

where the denominator is nonzero since B + — B- — (p + 1) = 2(£ — r) — (p+1) = 
(I — r — p — 1) + (£ — r) > 0. It is sufficient to replace the pair of operators St, S u 
by the pair St, S u i.e. to find operators (ft and (p u such that (p t o St + (f u ° S u = id. 
We shall obtain these operators in the form 

(33) ip t = x x E + yxF + z x and ip u = x 2 E + y 2 F + z 2 

where x±,yi, z\, x 2 , y 2 , z 2 G R. We will use the notation 

ai = - 1) ^ 0, a 2 = + 1) ^ and 

/? = - [25 +J B_ + (p + 1)(B + - fl_ - p)] . 
n 

The inequalities follow from the following: B + > always and B + = (~ — k) + 
(£ — r) = 1 only for fc = § and £ = r + 1 and hence w = fc + £— | = r + l. 
Next B- = is equivalent to r = k + £ — ^ = w and B- = — 1 is equivalent to 
r = k + £ — ^ — 1 = w — 1. (Recall we assume r {w — 1, w}.) 
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It remains to determine the scalars x±, y±, z±, x 2 , y 2 , z 2 . Putting x 2 = — aiXi, 
y 2 = —OL 2 y\ and z 2 = we obtain 

(p t o S t + tp u o S u = 

2 

= (x ± E + Vl F + z x ) o ( ai E + a 2 F + -a ± a 2 J) + {-a^E - a 2 y ± F) o (E + F + (3 J) 

n 

2 2 2 

= |Y— ol\ol 2 — (3ati)Jxi + aizAE + [Y— aia:2 — (3a 2 )jyi + a 2 zAF H — ct\a 2 ziJ id . 
n n n 

We are looking for x±, y±, Z\ and z 2 such that only the last term of the previous dis- 
play is nonzero (and equal to the identity). Thus Z\ := 2a ™ a2 j and this determines 
x\ and yi provided 

2 2 
at-y \—a 2 — /3l 7^ and a 2 \—cxi — (3] 7^ 0. 
Ti L n J 

We shall now verify the previous two inequalities. First we consider 

«i [-a 2 -0]= [£+£_ + (p + -B_-p)- B + ] 

where «i 7^ 0. Observe that the second factor on the right hand side is equal 
to zero only for 5_ = — p or B + — p + 1. (Considering the second factor as the 
quadratic expression in p, these are the two roots.) The case B + —p — 1 = (| — k) + 
(i—r—p—1) = is equivalent to | = k and i = r+p+1 i.e. w = k+£—^ = r+p+1 
and the case £?_ = — p is equivalent to —w = | — k — £ = —r —p. Since we assume 
r + p {w — l,w}, the previous display is indeed nonzero. Second we consider 

« 2 -0\= --Oii \B+B_ + {p+ 1)(B + -B--p) + BJ 
n n 

where a 2 7^ 0. Observe now that the second factor on the right hand side is equal 
to zero only for £>_ = — p — 1 or B + = p. Since B + — p = (| — £;) + (£ — r — p) > 
and B_ = —p is equivalent to — w + 1 = | — A; — £+1 = — r — p (and we assume 
r + p {w — l,w}), the previous display is also nonzero. Summarizing, we have 
proved the proposition for generic factors S t , S u . In particular, we have proved 
the proposition for n odd. 

Henceforth we assume n even. The remaining possibilities for how to chose the 
pair of operators S t , S u are: 

— Ti 

(a) S t generic and S u — S for k < — , 

Ti 

(b) S t generic and S u = S' for k < — , 

(c) S t = S and S u = S' for k < -, 

. — . ^2 

(d) S't generic and = S n for A; = — . 

We shall discuss cases (a), (b), (c) first and assume A; < |. Then we will treat 
(d) separately. In the case (a) we deal with S t = a,\E + a 2 F + ^ol\Ol 2 J and 
S u = aE + bF where a = | — k — | 7^ and 6=| — A; + |t^0 (since ra is even). 
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We find operators ip u and tp t in the form (133|) where x 2 — ~ a i^t-> Vi = ~ a i^f an d 
z 2 = 0. Then 

(p t oS t + tp u oS u = 

= (xiE + y x F + z x ) o (a x E + a 2 F + -a x a 2 J) + (-«i— -B - a^-F) o (oJS + 6F) 

n a b 

= \—cxioizJxi + aiZi\E+ \— a\a 2 Jy\ + a 2 Zx\F H — ai« 2 ziJid. 
L n J L n J n 

We need the previous display to be equal to identity and since a% 7^ and a 2 7^ 0, 
this can be obviously achieved for unique Zi, Xi and yj. 

In the case (b) we have St = a x E + a 2 F + ^a x a 2 J and S u = E — F + -(^ — fc) J. 
In this case we find operators and ^ in the form (133|) where x 2 = — OfiSCi, 
2/2 = an d z 2 = 0. Then putting 7 = 2(| - fc) 7^ we obtain 

<p t o 5 t + y? M S u = 

2 2 

= (xiE + y x F + z x ) o + a 2 F + -a x a 2 J) + (-otiXiE + a 2 y x F) o (E - F + - 

n n 

2 2 2 

= \— a x (a 2 — 7) Jxx + a x z x \E + \— a 2 (a x + "f)Jyx + <y x z x ]F H — aia 2 ZiJid. 
L n J L n n 

We need the previous display to be equal to identity and this (uniquely) determines 
zx, Xx and y x provided a 2 — 7 7^ and ai + 7 7^ where, observe, 7 = fi + + 
Thus a 2 - 7 = + 1) - (£+ + B_) = £_(£+ - 1) and Ql + 7 = B_(B + - 

1) + (B + + B_) = B + (B_ + 1). Since 7^ 0, B + 7^ and we observed above 
that both B + = 1 Z?_ = — 1 imply r = w — 1 (recall we assume r ^ {w — 1, w}), 
we have indeed verified that a 2 — 7 7^ and cti + 7 7^ 0. 

In the case (c) we have St = aE + bF and S u = E — F + -(| — fc) J where 
a = ^ — /c — |t^0 and & = ^ — + Here we find operators <y? u and <^ in the 

form f l33|) where x 2 = — aa7, y 2 = fa/i and Zi = 0. Then putting 7 = 2(~ — fc) 7^ 
we obtain 

<^t o S t + <p u ° S'm = 

2 

= (ariE + yxF) o (a£ + 6F) + (-ax x E + 6yiF + z 2 ) o (£ - F + -7 J) = 

n 

= \—-ajJx x + z 2 ]E + [-67 J^/! - z 2 ]F + -7z 2 Jid . 
L n J L n J n 

One can obviously choose (uniquely) 37, yx and z 2 such that the previous display 
is equal to the identity 

Finally we shall discuss the case (d). We thus assume k — |. Then B + = I — r 
and 5_ = —{I — r) hence a x = a 2 = —{i — r)(£ — r — 1) =: a 7^ 0. Here the 
inequality follows since I— r > and I— r — 1 = would imply w = k+£ — ^ = r+1 
(recall we assume r ^ {w — 1, u>}). Thus we can replace St = a 2 (E + F + - J) by 
St := + F + - J. The other factor is S u = E — F. We find operators <p u and 
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in the form (133]) where x 2 = X\, y% = ?/i and z 2 = 0. Then 

(ft o S t + tp u o S u = 

= {x x E + + z x ) o (£ + F + - J) + (-xjE + y x F) o (E - F) = 

n 

2 2 2 

= \-Jxi + zi] E + [- Jj/j + zjl F + - Jzi id . 

n n n 

It is obvious that there is a unique choice for x±, y\ and z\ such that the previous 
display is equal to the identity. □ 

Combining the previous proposition with [31j Corollary 2.3], we obtain the final 
result. 

Theorem 6.3. Let L e k = Si . . . Si : £ k — > £ k be the decomposition of L k to second 
order factors from Theorem 15.51 in the Einstein scale a and assume J 7^ in this 
scale. Then 

M(L l k ) = A/"(5i) © ... © Af(Si). 

7. The Fefferman-Graham ambient metric 

Thus let us review briefly the basic relationship between the Fefferman-Graham 
ambient metric construction and tractor calculus as described in [15| 128] for general 
conformal manifolds. 

Let 7r : Q — > M be a conformal structure of signature {p,q)- Let us use p to 
denote the M + action on Q given by p(s)(x,g x ) = (x,s 2 g x ). An ambient manifold 
is a smooth (n + 2)-manifold M endowed with a free R + -action p and an M + - 
equivariant embedding i : Q — y M. We write X G X(M) for the fundamental 
field generating the R + -action, that is for / G C°°(M) and u G M we have 
Xf{u) = {d/dt)f{p{e t )u)\ t=Q . 

If z : Q — > M is an ambient manifold, then an ambient metric is a pseudo- 
Riemannian metric h of signature (p + 1, q + 1) on M such that the following 
conditions hold: 

(i) The metric h is homogeneous of degree 2 with respect to the R + -action, i.e. 
if Lx denotes the Lie derivative by X, then we have Cxh = 2h. (I.e. X is a 
homothetic vector field for h.) 

(ii) For u = (x,g x ) G Q and £,77 G T U Q, we have h(i^,i^r]) = g x (ir^,iT^ri). 

To simplify the notation we will usually identify Q with its image in M and 
suppress the embedding map i. 

To link the geometry of the ambient manifold to the underlying conformal struc- 
ture on M one requires further conditions. In [19J Fefferman and Graham treat 
the problem of constructing a formal power series solution along Q for the Goursat 
problem of finding an ambient metric h satisfying (i) and (ii) and the condition 
that it be Ricci flat, i.e. Ric(fa) = 0. In even dimensions for a general conformal 
structure this is obstructed at finite order. 

However when the underlying conformal structure is (conformally) Einstein then 
an explicit Ricci-flat ambient metric is available [36] HQ] HI] . Here we shall use only 
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the existence part of Ricci-flat ambient metric. The uniqueness of the operators 
we will construct is a consequence of the fact that they can be uniquely expressed 
in terms of the underlying conformal structure as in [15, 28J. 

It turns out that in metrics satisfying these conditions Q := h(X, X) is a 
defining function for Q and 2h(X, •) = dQ to all orders in odd dimensions and up 
to the addition of terms vanishing to order n/2 in even dimensions. We write V for 
the ambient Levi-Civita connection determined by h. We will use and use upper 
case abstract indices A,B, - ■ ■ for tensors on M. For example, if v B is a vector 
field on M, then the ambient Riemann tensor will be denoted Rab C d and defined 
by [Vx, Vb]/ = Rab C ' dV D '. In this notation the ambient metric is denoted Hab 
and, with its inverse, this is used to raise and lower indices in the usual way. We 
will not normally distinguish tensors related in this way even in index free notation; 
the meaning should be clear from the context. Thus for example we shall use X 
to mean both the Euler vector field X A and the 1-form X a = h-AB^ 3 . 

Let S(w) denote the space of functions on M which are homogeneous of degree 
w G R with respect to the action p. That is / G £{w) means that Xf = wf. Sim- 
ilarly a tensor field F on M is said to be homogeneous of degree w if p(s)*F = s w F 
or equivalently CxF = wF. Just as sections of S[w] are equivalent to functions 
in S(w)\q we will see that the restriction of homogeneous tensor fields to Q have 
interpretations on M as weighted sections of a tractor bundles [T5j [25] . 

On the ambient tangent bundle TM we define an action of R + by s ■ £ : = 
s -1 p( s )*£> The sections of TM which are fixed by this action are those which are 
homogeneous of degree —1. Let us denote by T the space of such sections and 
write T{w) for sections in 7~®£(w), where the <g> here indicates a tensor product 
over £(0). Along Q the R + action on TM is compatible with the R + action on Q, 
so the quotient (TM\q)/M. + , is a rank n + 2 vector bundle over Q/R+ = M; in fact 
this is (up to isomorphism) the normal standard tractor bundle T (or £ A ) [151 EE] 
and the composition structure of T reflects the vertical subbundle TQ in TM\q. 
Sections of T are equivalent to sections of TM\q which are homogeneous of degree 
— 1, that is sections of T . Using this relationship one sees that the ambient metric 
h and the ambient connection V descend to, respectively the tractor metric h, 
and the tractor connection V r . For the metric this is obvious. We discuss the 
connection briefly. For U G T, let U be the corresponding section of T . A tangent 
vector field £ on M has a lift to a homogeneous degree section £, of TM\q, which 
is everywhere tangent to Q. This is unique up to adding fX, where / G £(0)|q. 
We extend U and £ smoothly and homogeneously to fields on M. Then we can 
form V|C7; along Q, this is clearly independent of the extensions. Since V^f/ = 0, 
the section V^C/ is also independent of the choice of £ as a lift of £. Finally, the 
restriction of V|i7 is a homogeneous degree —1 section of TM\q and so determines 
a section of T which depends only on U and £. This is V T U . 

Finally we will say that an ambient tensor F is homogeneous of weight w if 
Vx-F 1 = wF. The weight is a convenient shifting of homogeneity degree. Note, 
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for example, that an ambient 1-form U which is homogeneous of degree —1 is 
homogeneous of weight and this means that Vx^ = 0. 

7.1. Factorisation. Here we prove by induction that the conformal operators on 
forms factorise. The point is that although the operators on tractors factor we 
need see how this translates into a factorisation of the operators on forms on the 
base manifold. 

On the ambient manifold a special role is played by differential operators P on 
ambient tensor bundles which act tangentially along Q, in the sense that PQ = 
QP' for some operator P' (or equivalently [P,Q] = QP" for some P"). Note that 
compositions of tangential operators are tangential. If tangential operators are 
homogeneous (i.e. the commutator with the Lie derivative Cx recovers a constant 
multiple of the operator) then they descend to operators on on M. An example 
of a tangential operator is given by 

(n + 2w - 2)V + XA=: Ip: T*{w) ->• T ® T*(u> - 1) 

where T®{w) indicates the space of sections, homogeneous of weight w, of some 
ambient tensor bundle, and 

A = A-RU- 

We will leave the verification that Ipis tangential to the reader, but note that is also 
follows from the result that (n + 2w -2) V + XA =: D : T*(w) ->■ T®T*(w-l) 
is tangential as discussed in |28| [15]. Since this is tangential and homogeneous it 
descends to an operator on weighted tractors. In fact it gives the usual tractor-D 
[28, 15j. The ambient iijjf) similarly descends (in dimensions n ^ 4) to a multiple of 
Wjjjj. Thus acting on weighted tractor bundles [2^]. Thus T^(w) — > T®T^{w — l) 
descends to T (w) — > T®T' i '{w — 1) in dimensions other than 4. (Here T* means 
the tractor bundle corresponding to 7~*.) Henceforth for (M, [g]) of dimension 4 
we take Ip:= D, rather then the definition above. 

Now if (M, [g]) is conformally Einstein and / a parallel tractor corresponding to 
an Einstein scale then along Q in M we have a corresponding parallel vector field 
/. From the explicit formula for the ambient metric on over an Einstein manifold 
ones sees that J extends to a parallel vector field on M. (In fact when the Einstein 
scale is not Ricci flat then the ambient metric is given as a product of the metric 
cone with a line.) We have (on "/ [w]) 

I A Ip A = (n + 2w- 2)I A V A + <rA , 

where cr = I A X A G E{1). Note that er is a homogeneous function on Q corre- 
sponding to a = I A X A . 

Thus if we extend a tensor field U G 7~*(ii>)|g off Q in such a way that 
I a, VaU = (which implies U G T^{w)) then we get simply 

I A Ip A = a A . 

Note that I A V A U = can be achieved by starting with a section along Q and 
then extending off Q by parallel transport. The key point here is that I A X A is 
non-vanishing, at least in a neighbourhood of Q, and so J A V^ is not tangential 
to Q. 
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Next observe that, since a = I A X A and I a is parallel, we have 

V A v = I a , 

which is parallel. Thus 

(34) [4,(r] = [A,tT]=2I A V A 

where we consider a as a multiplication operator. 
The following observations will be useful. 

Lemma 7.1. If R denotes the ambient curvature then J A V A R = 0. 

Proof. By the Bianchi identity 

' aRbc L ' e + cRab D e + bRca° E = 0. 

But I is parallel which implies that [V, I] = and I a R A b D e = = I a R C a D e- 
So the result follows. □ 

Lemma 7.2. If U is an ambient tensor such that J A V A U = then, for any 

P eNu {0}, I A V A (4PU) = o 

Proof. Clearly acting on any ambient tensor we have [f Vyij Vg] = 0. Thus 
J^Vyi commutes with the Bochner Laplacian A. On the other hand by definition 
A differs from the Bochner by a curvature action: A— A = —R%, while from the 
previous Lemma the ambient curvature is parallel along the flow of J^V^. □ 

The main technical result we need is this. 

Proposition 7.3. For f an ambient form homogeneous of weight k — n/2 we have 

{I A IpA) k f = ^ftf , 

along Q. 

Proof. First note that both sides are tangential operators. For the right-hand-side 
this is in [6]. For the left-hand-side it holds simply because Ip is tangential and / 
is parallel on the ambient manifold. So neither side can depend on the transverse 
(to Q) derivatives of the homogeneous /. 

Now the result is true if k = 1. Also, calculating along Q, 

(I A IpA) k f = {I B IpB) k - l I A IpAf 

and so by induction 

{I A IpA) k f = a k -^- x I A IpAf • 

Since the result is independent of transverse derivatives we may choose the exten- 
sion off Q to suit. Thus we assume without loss of generality that J a Va/ = 0. 
Then I A Ij) A f = crAf and so 

So from and Lemma [7.21 the result follows. □ 
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